Abstract. Let p be a prime number greater than three. In the p-component of stable homotopy groups of spheres, Oka constructed a beta family from a v 2 -periodic map on a four cell complex. In this paper, we construct another beta family in the groups at a prime p greater than five from a v 2 -periodic map on a eight cell complex.
Introduction
We fix a prime number p greater than three, and work in the stable homotopy category S (p) of spectra localized at the prime p. Let S and BP in S (p) denote the sphere and the Brown-Peterson spectra. It is an important problem to understand the homotopy groups π * (S), whose structure is little known. On the other hand, we know the structures of π * (BP ) = BP * and BP * (BP ): and BP * (BP ) is a Hopf algebroid over BP * . Here, the generators have degrees |v k | = |t k | = 2(p k −1). Furthermore, we have the Adams-Novikov spectral sequence converging to the homotopy groups π * (X) of a spectrum X with E 2 -term E s,t 2 (X) = Ext s,t BP * (BP ) (BP * , BP * (X)), and the spectral sequence for X = S acts as a go-between between BP and S. Here we consider the homotopy groups π * (S) through the spectral sequence. In the E 2 -term E 2, * 2 (S), Miller, Ravenel and Wilson [1] defined the beta elements β s/t,r for suitable triples (s, t, r) of positive integers. Consider the spectra and the maps defined by the cofiber sequences: (M (r)). Then, the beta element for a triple (s, t, r) is defined by
(M (r, t)). We abbreviate β s/t,1 and β s/1 to β s/t and β s , respectively, as usual. It is an interesting problem which of them survives in the spectral sequence. So far, the following elements are known to be permanent cycles: 
We notice that β s/t,r is determined uniquely for any choice of integers u and c. In this paper we modify it further. 
). We define the beta element by
We notice that this beta element is not an element but a set, and β s/up r−1 −c,r = β s/t,r if s = up r−1 − c. We further abuse a term. In this paper, we consider the beta elements β s/t,r for r = 1, 2, and so the following spectra and maps of (1.1):
for k = i, j. Thus, from now on, i u and j u denote i 1,u and j 1,u . The above definitions make Oka's method developed in [6] and [7] simple: Let
for the unit map η : S → BP of the ring spectrum BP , and put
Since Oka also showed that f sp,u ∈ π * (K u ) for s ≥ 1 and u ≤ p, and u < p if s = 1 in [2, Th. C] and [3, Th. CII], the theorem implies that B Oka (sp, u) yields generators of π * (S) including the elements in b), c), e) and g) in the above table.
Let W be the cofiber of the generator β 1 ∈ π pq−2 (S), and we have a cofiber sequence
In [10] , we introduce another method to give a beta family from
In this paper, we merge these methods.
In [11, Th. 1.7], we showed the existence of
This improves Oka's results if the prime number p is greater than five. Indeed,
Recollection on finite ring spectrum
In this section, we recall some results of Oka's. We call a spectrum E a ring spectrum if it admits a multiplication µ : E ∧ E → E and a unit ι :
The homotopy groups E * = π * (E) of E have a multiplication given by ab = µ(a ∧ b) for a, b ∈ E * , which makes E * a ring. Oka [7] (cf. [8] ) defined Mod(E) and Der(E) by
We call an element of Der(E) a derivation of E. 
In particular,
Then, it fits into a cofiber sequence
by (1.1) with 3 × 3 Lemma.
It is well known that δ = ij ∈ Der(M ) and α ∈ Mod(M ), and so
It gives rise to not only the element A but also δ u in a commutative diagram (2.6) 
The following lemma is a folklore:
Proof. Consider the cobar complex {(C s , d)} s≥0 , whose cohomology is the E 2 -term E * 2 (M ) of the Adams-Novikov spectral sequence converging to π * (M ). Then, 
We also use the formulas on the structure maps of the Hopf algebroid given by the formulas of Quillen and Hazewinkel:
Here, b 10 denotes the cocycle defined by d(t 
We compute that d(c)
= v p 1 b 10 ∈ C 2 for c = −v p−1 1 t 2 + v p−3 1 (v 1 t 1 − pt 2 1 )η R (v 2 ) + v 2p−3 1 p+1 2 v 1 t 2 1 − p 3 t 3 1 . It follows that v p 1 b 0 = 0 ∈ E 2,
The ring spectrum W ∧ K u
In this section, we fix an integer u and K denotes K u = M (1, u) , which is a commutative ring spectrum with multiplication m = m u by Theorem 2.2. The spectrum W in (1.6) admits a multiplication m W :
Consider the spectrum WM = W ∧ M and the multiplication Proof.
WM is a split ring spectrum.
Since the smash product of commutative ring spectra is a commutative ring spectrum, we have the following 
We have the split cofiber sequence
Proof. This follows from computation:
Lemma 3.6. The spectrum W K is a commutative ring spectrum with multiplication m W K .
Proof. Apply σ in (3.4) to Lemma 3.5, and we have
Then, noticing that m WMK T = m WMK by Corollary 3.3,
Here, T : WK ∧ WK → WK ∧ WK and T : WMK ∧ WMK → WMK ∧ WMK are the switching maps. The associativity of it is verified as follows:
Consider the homomorphism Proof. Put f 0 = f , and suppose that f n ∈ π * (WK 2 n u ). Then, κ(f n ) ∈ Mod(WK 2 n u ) for κ in Theorem 2.1. By Theorems 2.2 and 3.8, δ = ϕ W (δ 2 n u ) ∈ Der(WK 2 n u ), and so we have κ(f n ) p δ = δ κ(f n ) p by Theorem 2.3. Thus we obtain a map f n+1 , which makes the diagram
commutes. Now put f n+1 = (i W ∧ i 2 n u i) * ( f n+1 ) to complete the induction. Turn to the second. By 1), we have f n−1 ∈ π * (WK 2 n−1 u ), which gives rise to f n−1 ∈ π * (WK u p ) as in [7, Construction I] . Theorems 2.7, 3.8 and 2.3 imply that κ(f n−1 ) p δ = δ κ(f n−1 ) p .
